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We introduce a new approach that allows one complete control over the modulation of the effective
twist angle change in few-layer van der Waals heterostructures by irradiating them with longitudinal
waves of light at the end of a waveguide. As a specific application, we consider twisted bilayer
graphene and show that one can tune the magic angles to be either larger or smaller, allowing
in-situ experimental control of the phase diagram of this and other related materials. A waveguide
allows one to circumvent the free-space constraints on the absence of longitudinal electric field
components of light. We propose to place twisted bilayer graphene at a specific location at the exit
of a waveguide, such that it is subjected to purely longitudinal components of a transverse magnetic
modes (TM) wave.
Introduction. Van der Waals heterostructures are flex-
ible platforms to engineer systems with designer proper-
ties because they are not constrained by the chemistry
of the two-dimensional materials composing the system
[1, 2]. The properties of such heterostructures can be
tuned with the knobs provided by the layer material
choice, stacking order, temperature, pressure, applied
fields, time-dependent drives, and other means. Recent
experiential advances made possible the introduction of
a new knob: a relative twist angle between the layers. In
particular, twisted bilayer graphene (TBG) has emerged
as a controllable platform for the study of strongly corre-
lated physics[3–24]. The interplay of the interlayer tun-
neling amplitude, and the induced moire´ pattern lead
to the formation of isolated flat bands at specific magic
angles, where interaction effects can dominate [25, 26].
Specifically, TBG exhibits an insulating state at half-
filling driven by electron-electron interactions [27, 28],
which can transition into superconducting [4], and ferro-
magnetic [24, 29] states at specific filling factors.
One of the main parameters that control the loca-
tion of the magic angle is the interlayer tunneling am-
plitude. Fine-tuning of the rotation angle represents one
of the main challenges for the experimental realization
of strongly correlated states, since the band structure
is very sensitive to small changes in this angle. Recent
theoretical studies suggested the possibility to overcome
small misalignments away from the magic angle by ap-
plying uniaxial pressure [30, 31]. Furthermore, experi-
ments have already shown that hydrostatic pressure can
increase the tunneling amplitude between the layers and
lead to strongly correlated states in samples otherwise
dominated by the kinetic energy [6, 32]. This procedure
addresses the layer misalignment issue for samples with
angles larger than the magic angle. However, no con-
trolled scheme has been proposed to date to reduce the
tunneling amplitude between the layers and decrease the
magic angle.
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FIG. 1. Cartoon of twisted bilayer graphene placed at the exit
of a rectangular waveguide. Here, a and b denote the dimen-
sions of the waveguide and A the vector potential inside the
waveguide. The red square pattern highlights its longitudinal
nature.
Traditional Floquet engineering in free space using
circularly-polarized light like in the case of graphene[33–
41] allows one to break time-reversal symmetry, induce
non-trivial gaps in the quasienergy spectrum and leads
to rich topological phase diagrams by modifying the in-
tralayer hopping amplitude [33, 43]. Recently, this tra-
ditional Floquet protocol was applied to twisted bilayer
graphene. It allows one to induce topological transitions
at large twist angles using high-frequency drives [44],
tune the bandwidth of the energy levels near charge
neutrality and induce a transition to a Chern insulat-
ing phase with Chern number C = 4 [45] in the high-
frequency regime, and induce flat bands using near-
infrared light in a wide range of twist angles [46]. Despite
the high degree of tunability induced by the Floquet pro-
tocols and related ones that make use of linearly polarized
light [42], the interlayer tunneling amplitude is not easily
affected.
In this work, we demonstrate that a waveguide trans-
verse magnetic (TM) mode can directly couple to the
inter-layer tunneling in few-layer van der Waals systems
and be used to tune the magic angle in-situ, allowing
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2complete control over the effective rotation angle and
the corresponding phase diagram. Although this work
focuses on twisted bilayer graphene, the drive protocol
we propose is general and can be applied to other low-
dimensional systems to tune the strength of interlayer
couplings [47]. Our approach increases the degree to
which the parameters of low-dimensional systems can be
modified in out-of-equilibrium settings. It allows one to
directly tune the Fermi velocity of the quasienergy spec-
trum and it increases the degree to which the param-
eters of low-dimensional systems can be modified in a
controlled way.
Static model for bilayer graphene. When two graphene
layers are misaligned with respect to each other by a ro-
tation, a moire´ pattern emerges with a tunneling ampli-
tude between the layers that is dominated by processes
at lattice sites located directly on top of each other. The
low-energy effective Hamiltonian for static twisted bi-
layer graphene (TBG) is [3, 25, 47–51]
H =
(
h(−θ/2,k− κ−) T (x)
T †(x) h(θ/2,k− κ+)
)
, (1)
which describes two stacked graphene layers that are
twisted with respect to each other by an angle θ. Each
graphene layer is described by the Hamiltonian
h(θ,k) = β
(
0 f(R(θ)k)
f∗(R(θ)k) 0
)
, (2)
where k is the in-plane momentum and β sets the
strength of the intralayer hopping. The function R(θ)
describes a rotation around the axis perpendicular to the
graphene sheets by an angle θ, and f(k) = e−2ia0ky/3 +
2eia0ky/3 sin
(
a0kx/
√
3− pi/6) is the intra-layer hopping
matrix expressed in momentum space with a0 the lattice
constant of graphene. In each layer, we shift the mo-
menta by the K-points κ± = kθ
(−√3/2,±1/2). Here
kθ = kD sin (θ/2) and kD = 8pi/(3a0) defines the angle
dependent momentum scale of the bilayer system. The
tunneling processes between the layers are approximated
by T (x) =
∑1
i=−1 e
−ibixTi, where the matrix structure
is given by
Tn = w012 +w1
(
cos
(
2pin
3
)
σ1 + sin
(
2pin
3
)
σ2
)
, (3)
where b±1 = kθ
(±√3, 3) /2 are the reciprocal moire´ lat-
tice vectors and b0 = (0, 0) is introduced to write T (x)
compactly. We stress that the wi are proportional to in-
terlayer hopping elements in a corresponding tight bind-
ing model [48].
In bilayer graphene, some stacking configurations are
energetically more favorable over others. Particularly,
AB/BA stacking, where half the atoms of the upper
graphene layer lie on top of the empty hexagon centers of
the lower layer, is favored over AA stacked regions where
(a)
(b)
FIG. 2. (a) Twisted bilayer graphene moire´ Brillouin zone
(mBZ). Large orange and black hexagons represent the
graphene layer BZs. (b) TBG quasienergy spectrum in a
waveguide along a high-symmetry path in the mBZ (orange).
The gray curve corresponds to the static case. The spe-
cific parameters are w0 = 0, θ = 1.3
◦, Ω/W = 1.3, and
aABA = 0.4. We estimated the bandwidth as W ≈ β. The
plot was made by taking into account three Floquet copies,
which was enough for convergence.
the upper layer is directly on top of the lower layer. This
energy-dependent stacking configuration leads to relax-
ation effects in twisted bilayer graphene, where AB/BA
regions are favored over AA regions [47, 52]. We take
this effect and corrugation into account through the ad-
ditional parameter w1 in the tunneling amplitude [45, 46].
This can be understood by recognizing that the param-
eter w0 enters the Hamiltonian in the form of a AA
stacking hopping. On the other hand, w1 enters as hop-
ping in bilayer graphene AB/BA configuration. There-
fore, w1/w0 > 1 corresponds to systems where AB-
stacked regions are favored. Then, the ratio w1/w0 can
be used to model systems with larger or smaller AB/BA
regions [45, 46]. In appendix , we describe the numer-
ical band structure implementation. Throughout this
work, we use the parameters β = ~vF /a0 = 2.36 eV,
a0 = 2.46 A˚ and w1 = 110 meV.
Driving protocol. We now place the twisted bi-
layer graphene sample at the exit of a metallic waveg-
uide, as sketched in Fig. 1. The transverse mag-
netic modes (TM) are derived from the vector potential
A = zˆA sin (mpix/a) sin (npiy/b) Re(e−ikzz−iΩt), where
3kz =
√
k2 − (mpi/a)2 − (npi/b)2 is the wavenumber in
the z-direction, k2 = Ω2µε, µ is the permeability con-
stant of the insulator inside the waveguide, m,n ∈ Z
characterize the transverse modes and ε is the dielectric
constant. The waveguide cut-off frequency is given by
Ωc = 1/(µε)
√
(mpi/a)2 + (npi/b)2. A full derivation and
the full electric and magnetic fields inside the waveguide
are given in the appendix .
The maxima of the sine functions are ideal locations
to place the TBG sheet because the field has a maximum
amplitude A at these locations and because the vector
potential is constant to second order in the x, y direction.
We stress that only the properties of A (as opposed to
the physical fields E and B) matter because this is what
enters the Hamiltonian. Taking A = ARe(e−ikzz−iΩt)zˆ
therefore is a good approximation if the sample is small
compared to the waveguide dimensions a, b.
At the tight binding level, A enters the Hamiltonian
through the hopping elements via the Peierls substitu-
tion tij → tij exp
(
−i ∫ rj
ri
A · dl
)
, where the line integral
is associated with the interlayer hopping direction in real
space and ri labels site i. The continuum model we dis-
cuss here is an approximation to a tight binding model
and the wi that appear in the continuum model corre-
spond to the interlayer couplings of the underlying tight
binding description. We may therefore introduce the vec-
tor potential via the wi. The vector potential we consider
only has a component in z- direction and therefore only
influences interlayer hopping amplitudes. For computa-
tional simplicity, we will assume that the exit of the cav-
ity is at z = 0 and that the twisted bilayer graphene
sheet is placed at such a location. We note that the cou-
pling of the longitudinal vector potential is not specific
to twisted bilayer graphene and applies to other van der
Waals heterostructures.
In an idealized scenario, the additional phase factor
in the tunneling amplitude is uniform across the sample.
However, lattice relaxation effects and surface roughness
introduce a position dependence to the phase due to dif-
ferent layer separations. An exact treatment of such a
complicated scenario is not the purpose of this work. In
order to simplify the picture and make analytic progress,
let us recall that relaxation effects lead to two different
hopping amplitudes: w1, the hopping on AB stacking
and w0, the hopping of AA stacking. Therefore, to lead-
ing order, the two hopping amplitudes acquire the phases
w1 → w1e−iaABA cos(Ωt), (4)
w0 → w0e−iaAAA cos(Ωt), (5)
where aAA = 3.6 A˚ is the distance of the graphene layers
in AA-stacked regions and aAB = 3.4 A˚ the correspond-
ing quantity for AB stacking [53]. For other types of
low-dimensional materials, an analogous replacements is
valid for their interlayer coupling elements.
Using an effective time-independent Floquet Hamil-
tonian to describe the system simplifies our discussion.
To lowest order, the high frequency approximation of a
Floquet Hamiltonian (in 1/Ω) is the time average over
one period 2pi/Ω, HˆF =
∫ 2pi/Ω
0
Ωds/(2pi)Hˆ(s). This
type of approximation can be expected to be good when
W < Ω[54–56], where W is the bandwidth of the Hamil-
tonian. In the present case, the only time dependence of
Hˆ is through the hopping amplitudes in Eq. (5). Fur-
thermore, the hopping amplitudes wi for both the con-
tinuum model we discuss and the corresponding tight
binding model enter linearly into the Hamiltonian i.e.
H = HC +w1H1 +w0H0, where HC is the w0,1- indepen-
dent part of H. Therefore, the lowest order Floquet-
Magnus approximation is found simply by taking the
time average of w1 and w0. We find that the effective
Floquet Hamiltonian has the same structure as the static
Hamiltonian Eq. (2), with the hopping amplitudes renor-
malized as
w1 →w˜1 = J0 (|aABA|)w1, (6)
w0 →w˜0 = J0 (|aAAA|)w0, (7)
where J0 is the zeroth Bessel function of the first kind.
This light-induced direct renormalization of the inter-
layer hopping amplitude is one of the main result of our
work. We stress that the result is only valid in the large
frequency limit; we turn to the low frequency regime be-
low. The same driving protocol can be used to selec-
tively weaken the inter-layer couplings of other few-layer
materials such as multilayer graphenes, transition metal
dichalcogenide multilayers, phosphorene multilayers and
others that have been of recent interest [57–63].
In Fig. 2, we plot the quasienergies along a high-
symmetry path in the mBZ. The quasi-energies in the
driven case were computed using an extended space Flo-
quet Hamiltonian [55] and they agree well (no disagree-
ment on the scale of the plot) with our effective Hamil-
tonian. We find that the effect of the drive on the low
quasi-energy band structure is an increased Fermi veloc-
ity near κ+. Unlike the case of Floquet drives in free
space with circularly polarized light, our protocol does
not open gaps in the quasienergy spectrum because time-
reversal symmetry is not broken.
Now we discuss the effect of the TM modes on the
magic angles. To simplify the discussion, we consider
the chiral case, where w0 = 0. Furthermore, we assume
small energies such that the Hamiltonian (2) near one of
the K points of graphene becomes linear in momenta i.e.
f(k) ≈ a0(kx − iky). In this case there is only one di-
mensionless parameter that enters the Schro¨dinger equa-
tion, α = w1/(2vF kD sin(θ/2)). In Ref. [64], Tarnopol-
sky et. al. considered this limit in equilibrium, and
found perfectly flat bands appearing for α1 ≈ 0.586 or
θ1 ≈ 1.09◦. They found that further flat bands exist for
αn = α1 + n∆α with ∆α = 3/2 and n ∈ N. With our
4FIG. 3. Renormalized effective Floquet Fermi velocity near
κ+ of the quasienergy spectrum as a function of the inverse
twist angle between the layers, α = w1/(2vF kD sin(θ/2)) (or-
ange). The static case is shown in black for reference. The
drive parameters are aABA = 0.4 and Ω/W = 1.3. Here
we estimated the half bandwidth as W ≈ β. The plot was
made by taking into account three Floquet copies, which was
enough for convergence.
modified values for w1 we therefore find that the magic
angles are to good approximation sin(θ/2) ≈ θ/2 given
as
θn =
w1J0 (|aABA|)
vF kDαn
. (8)
Therefore, the degree of tunability of the hopping am-
plitude depends on the range of values η ≡ (e/~)aABA
can take in experiments, where we reintroduced ~ and e
to have A given in more conventional units. In terms of
the electric field amplitude, we have η ≡ eaABE/(~Ω).
Then, in a pump-probe setup, with a pump drive fre-
quency f = Ω/(2pi) = 650 THz (∼ 2.7 eV, in the range
of blue light), and electric field strength E = 15MV/cm,
we obtain η ≈ 0.19, which leads to θF /θ = 0.99.
Stronger laser pulses with electric fields up to E = 25
MV/cm lead to θF /θ = 0.975. Recent experiments in
graphene have employed peak electric fields of up to
∼ 30MV/cm with frequencies in the near-IR regime
(∼ 375 THz) [65, 66]. Furthermore, current laser technol-
ogy can reach field strengths on the order of 10 MV/cm
in the UV regime [45]. The pump frequency is chosen
to be larger than half the bandwidth. While this is
smaller than the bandwidth, which is approximately the
point where a high-frequency approximation for the cen-
ter bands starts breaking down globally [54–56, 67–71],
it is not important for us since we only are interested in
center flat bands. These bands are accurately described
for much lower frequencies until around half the band-
width. Particularly we verified this numerically using
an extended space picture method [55]. The predictions
from our time-independent model agree perfectly with
numerics. The value η can be further tuned by changing
the permitivity inside the cavity. A waveguide of size of
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FIG. 4. Left: Band structure of twisted bilayer graphene
at twist angle 1.15◦, w0 = 88 meV, and w1 = 110 meV.
Right: The center Floquet bands. The system is driven by
far infra red light with a frequency Ω = 20 meV or ∼ 4.8 THz
and strength AaAA = 1.26, which corresponds to an electric
field E ∼ 0.7 MV/cm. Black curves, undriven system; Red
5 Floquet copies; Green 7 Floquet copies. The points where
red and green points agree correspond to the same Floquet
copy and are converged. Other stray points correspond to
unconverged higher Floquet copies and are not important to
the energy states around 0.
the order of a = 1 mm can support frequencies as small
as 1 THz when the filling insulator is air. Therefore, the
high-frequency regime necessary for the validity of Eq. 8
is allowed in a typical waveguide.
In Fig. 3, we plot the Fermi-velocity of the lowest band

(1)
k
v =
√
(∂kx
(1)
k )
2 + (∂ky
(1)
k )
2|κ+ (9)
near κ+ as a function of parameter α. The quasi-energies
were calculated using the extended space representation
of the Floquet Hamiltonian [55].
We find that the points where the Fermi velocity van-
ishes, and where we have flat bands is shifted to larger
values of α, or smaller angles θ. In the inset, we show
that the position of the flat bands for the first magic angle
has shifted to α˜ = 0.608. This shift is a 4% change in the
magic angle, and in good agreement with our analytical
estimates (8).
Low frequency window. Thus far we have only looked
at the limit of large frequencies. However, near the magic
angle when w0 < w1, there exists a gap that opens around
the nearly flat bands. The band gap is such that driving
frequencies that fulfill W < Ω < ∆, where W is the
bandwidth of the flat band and ∆ the size of the band
gap, are possible as shown in Fig. 4. For such a regime
it is possible to numerically find clear answers as to what
happens to the lowest flat bands, as indicated in the right
panel of Fig. 4.
From the converged lowest Floquet copy where red and
green points coincide we can see that the band for angles
above the magic angle of 1.10◦ has been flattened - unlike
what happens in high frequency regime, where it becomes
steeper. This indicates that the flat bands are shifted to
larger angles. Indeed we find numerically that flat bands
appear at 1.12◦ rather than 1.10◦ as they normally would
for w0 = 88 meV and w1 = 110 meV. Here, we used a
5relatively weak electric field E ∼ 0.7 MV/cm. Strong
fields of up to 100 MV/cm have been achieved in the
literature in the range 15-50 THz [72, 73], which allows
for a wide range of experimental tunability. Therefore,
depending on driving frequencies we can either increase
or lower the magic angle also for the realistic case of
w0 6= 0.
Conclusions. We introduced a new mechanism to
dynamically tune the effective interlayer tunneling am-
plitude in few-layer quantum materials using longitudi-
nal electric fields available in a waveguide. This allows
one complete control over the modulation of the effec-
tive twist angle change in few-layer van der Waals het-
erostructures in-situ with intensities currently available
in experiment.
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Numerical solution of the Hamiltonian
In this appendix, we detailed the numerical imple-
mentation of the static Hamiltonian for twisted bilayer
graphene. We employ the cellular method, that was first
introduced in 1933 by Wigner and Seitz [74]. Below we
give a short summary of the steps needed.
Our starting point is the Schro¨dinger equation for a
periodic Hamiltonian
Eψ = H(pˆ, x)ψ, (10)
where pˆ = −i∇. Since H(p, x) is periodic, with the same
periodicity of the lattice, it commutes with the transla-
tion operators TX = e
ipˆX for lattice vectors X. That is,
it also fulfills the eigenvalue equation
TXψ(x) = Cψ(x), (11)
which has the eigenvalues C = eikX and therefore one
may rearrange the equation as e−ikXψ(x + X) = ψ(x).
If we multiply both sides by e−ikx we see that u(x) =
eikxψ(x) is periodic, which is known a Bloch’s theorem.
Therefore, setting ψ(x) = eikxu(x) in the Schro¨dinger
equation gives us
Eku(x) = H(p+ k, x)u(x), (12)
which describes bands Ek and has coordinates restricted
to one lattice unit cell. The scalar product is restricted
in a similar fashion. Calculating bands therefore merely
amounts to writing the Hamiltonian in a plane wave basis
Hnm(k) =
1
VUZ
∫
AUZ
eiQnxH(k, p, x)e−iQmxdnx, (13)
where AUZ is a unit cell, VUZ the volume of the unit cell
and Qm are reciprocal lattice vectors. The integral over
the AUZ can be performed analytically, leading to effi-
cient implementations of the band structure calculation.
Electric and magnetic transverse fields.
The wave equation for the vector potential A in free
space according to Maxwell’s equations is given as
∇2A = µ∂2tA (14)
A specific solution to this equation is chosen as
A = zˆA sin (kxx) sin (kyy) Re(e
−ikzz−iΩt), (15)
where kz =
√
k2 − k2x − k2y and k = Ω
√
µ. We recall
that
H = ∇×A; ∂tE = 1

∇×H (16)
From here one may see that the solution for A we found
is enough to accommodate the boundary conditions
Ey(x = a) = Ez(x = a) = Ex(y = b) = Ez(y = b) = 0
(17)
that a rectangular metallic waveguide introduces if we
choose kx =
mpi
a and ky =
npi
b with n,m ∈ Z. This
solution is called a transverse magnetic mode (TM) of
9the cavity and the fields are given as
Ex ∝ cos
(mpix
a
)
sin
(npiy
b
)
Re(e−ikzz−iΩt)
Ey ∝ sin
(mpix
a
)
cos
(npiy
b
)
Re(e−ikzz−iΩt)
Ez ∝ sin
(mpix
a
)
sin
(npiy
b
)
Re(e−ikzz−iΩt)
Hx ∝ sin
(mpix
a
)
cos
(npiy
b
)
Re(e−ikzz−iΩt)
Hy ∝ cos
(mpix
a
)
sin
(npiy
b
)
Re(e−ikzz−iΩt)
Hz = 0
. (18)
At the points we want to place the twisted bilayer
graphene sheets we have sin = 1 and cos = 0 and there-
fore only Ez is non-zero. This coincides with the physical
understanding that the effects we discuss in the paper are
actually caused by the physical fields in the correct di-
rection.
A more complete description can be found in [75].
